Abstract. We prove long time existence of regular solutions to the Navier-Stokes equations coupled with the heat equation. We consider the system in non-axially symmetric cylinder with the slip boundary conditions for the Navier-Stokes equations and the Neumann condition for the heat equation. The long time existence is possible because we assumed that derivatives with respect to the variable along the axis of the cylinder of the initial velocity, initial temperature and the external force in L 2 norms are sufficiently small. We proved the existence of such solutions that velocity and temperature belong to W 2,1 σ (Ω × (0, T )), where σ > 5 3 . The existence is proved by the Leray-Schauder fixed point theorem.
Introduction
We consider the following problem (1.1)
Notation
We use isotropic and anisotropic Lebesgue spaces: L p (Q), Q ∈ {Ω T , S T , Ω, S}, p ∈ [1, ∞]; L q (0, T ; L p (Q)) Q ∈ {Ω, S}, p, q ∈ [1, ∞]; Sobolev spaces , |α| = α 1 + α 2 + α 3 , a, α i ∈ N ∪ {0}. In the case q = 2
. We define a space natural for study weak solutions to the Navier-Stokes and parabolic equations
Weak solutions
By a weak solution to problem (1.1) we mean
Lemma 2.1. (see [9] ) (the Korn inequality) Assume that
If Ω is not axially symmetric there exists a constant c 1 such that
If Ω is axially symmetric, η = (−x 2 , x 1 , 0), α = Ω v · ηdx, then there exists a constant c 2 such that
Let us consider the problem (2.6)
and there exists a constant c depending on S and p such that
).
The proof follows from considerations from [2, Ch. 4] . Let us consider the problem (2.8) 
Then there exists a solution to problem (2.8) such that
Assume that Ω is not axially symmetric. Assume that there exists constants θ * , θ * such that θ * < θ * and
Then there exists a weak solution to problem (
Existence
Let us consider the problems (3.1) 
where λ ∈ [0, 1] is parameter andṽ,θ are treated as given functions. We will assume that α ∈ C 2 (R).
Then there exists a unique solution to problem (3.1) such that
By Theorem 2.2 the proof is completed.
Then there exists a unique solution to problem (3.2) such that
. Then similarly as in Theorem 9.1 from [2, Ch. 4, Sect. 9] (see also [6, Theorem 17]) we prove the lemma.
Let v, p be a unique solution to problem (3.1). Let
Proof. The function h is a solution of the following problem
By Theorem 2.1 the proof is completed.
Lemma 3.5. Assume that 3 < η < ∞, 1 < σ < ∞, σ < η,
. Let θ be a unique solution to problem (3.2). Let ϑ = θ ,x 3 . Assume that
Proof. The function ϑ is solution of the following problem
in Ω,
Then similarly as in Theorem 9.1 from [2, Ch. 4, Sect. 9] (see also [6, Theorem 17]) we prove the lemma. From Lemmas 3.1-3.5 it follows that if (ṽ,θ) ∈ M(Ω T ), then there exists a unique solution (v, θ) to problems (3.1)-(3.2) such that (v, θ) ∈ M(Ω T ). To prove the existence of solutions to problem (1.1) we apply the Leray-Schauder fixed point theorem (see [4, 7, 8] ). Therefore we introduce the mapping φ : 
To show continuity we introduce the differences
which are solutions to the problems (3.6)
and (3.7)
In view of [3] and [7, 8] we have (3.8)
The functions h i , ϑ i , i = 1, 2 are solutions to the following problems
To show uniform equicontinuity we introduce the differences
which are solutions to the problems 
Let h i = v i,x 3 , ϑ i = θ i,x 3 . We introduce the differences H = h 1 − h 2 , R = ϑ 1 − ϑ 2 which satisfy the following conditions
In view of Lemmas 3.4 and 3.5 (3.10)
From (3.9) and (3.10) the uniform equicontinuity of φ(·,ṽ,θ) follows. Proof of Theorem 1.1. In view of the above considerations and [5, Main Theorem] the assumptions of the LeraySchauder fixed point theorem are satisfied. Hence Theorem 1.1 is proved.
